Abstract. The aim of this article is to give some improvements of Jordan-Stečkin and Becker-Stark inequalities discussed in [1] .
and it's improvements
and
They concluded that equalities in (2) and (3) hold iff x = π/2. In the case when x → 0 + , we have the equalities in the right -hand side of (2) and (3), and strict inequalities on the left -hand side of (2) and (3) .
In [1] (Theorem 1, Theorem 2 ) the left -hand side of (2) and (3) near zero were improved.
The following inequality:
well known as Stečkin's inequality was also analysed in [1] .
As noted in [1] this inequality becomes equality for x = 0, and
Some improvements of (4) , in the left neighbourhood of π/2 were presented in [1] (Theorem 3, Theorem 4 ).
M. Becker and L. E. Stark in [2] presented the inequality
Some double inequalities of the Becker-Stark type, were proposed in [1] (Theorem 5, Theorem 6 ).
In this paper, we give generalizations and improvements of the inequalities stated in Theorem 1, Theorem 2, Theorem 3, Theorem 4, Theorem 5 and Theorem 6 from [1] . They are cited below for readers convenience.
Statement 5 ([1], Theorem 5) For every x ∈ (0.373, π/2) in the left-hand side and for every x ∈ (0.301, π/2) in the right-hand side, the following inequalities hold true:
where
, Theorem 6) For every real number x ∈ (0, 1.371), the following inequality holds true:
Preliminaries
Let T ϕ,a n (x) denotes Taylor polynomial of order n ∈ N , associated with the function ϕ(x) at the point x = a. T ϕ,a n (x) and T ϕ,a n (x) represent the Taylor polynomial of order n ∈ N , associated with the function ϕ(x) at the point x = a, in the case T ϕ,a n (x) ≥ ϕ(x), respectively T ϕ,a n (x) ≤ ϕ(x), for every x ∈ (a, b). We call T ϕ,a n (x) and T ϕ,a n (x) an upward and a downward approximation of ϕ on (a, b), respectively.
As discused in paper [4] for the sine function the following inqualities hold:
for x ∈ (0, √ 12) = (0, 3.464...).
We have the following Taylor series of sinc x:
for x = 0. According to [6] for x ∈ (0, π/2) we have the following series representations:
Suppose that f (x) is a real function on (a, b), and that n is a positive integer such that
. . , n − 1) exist. Let us denote by:
S. Wu and L. Debnath in [7] proved the following theorem:
, and that n is a positive integer such that
, then for all x ∈ (a, b) the following inequality holds :
is decreasing on (a, b), then the reversed inequality of holds.
(ii) Supposing that f (n) (x) is increasing on (a, b), then for all x ∈ (a, b) the following inequality holds:
Furthermore, if f (n) (x) is decreasing on (a, b), then the reversed inequality of holds.
Some interesting applications of the previous theorem can be found in [5] , [19] , [20] and [32] .
Main Results

Improvements of inequalities in Statement 1
According to (12) , we can approximate sinc x function as it follows :
. Based on approximation (18) we have the following theorem: Theorem 1 For every x ∈ (0, π/2) we have:
Remark 1 It is obvious that Statement 1 is the special case of Theorem 1.
Improvements of inequalities in Statement 2
Consider the following polynomials from inequality (7) from Statement 2 :
We have the following theorem:
Theorem 2 For every x ∈ (0, π/2) we have:
Proof In order to prove (20) it is sufficient to prove for every x ∈ (0, π/2) that inequalities Q 4 (x) < T sinc,0 6 (x) and T sinc,0 4 (x) < R 4 (x) are true.
According to (13) we have:
5040 . hold for x ∈ (0, π/2).
It is obvious that
Remark 2 Statement 2 is the special case of Theorem 2.
Improvements of inequalities in Statement 3
In the monography [3] , D.S.Mitrinović discused about Stečkin's inequality:
, for x ∈ (0, π/2). Let us denote:
for x ∈ (0, π/2) and let us notice:
In [1] inequalities (8) were proposed as adequate approximations of function f (x) in left neighbourhood of the point x = π/2.
By replacing x with π/2 − t in the function f (x), we obtain the following:
for t ∈ (0, π/2). According to (15) we have that
for t ∈ (0, π/2] and n ∈ N . Further, we have the following:
and according to Theorem WD
for t ∈ (0, π/2] and n ∈ N . According to (22) and (23) we have the following:
for t ∈ (0, π/2]. Let us denote by:
Returning replacement t = π/2 − x in (22) and (24), we have the following theorem:
Theorem 3 For x ∈ (0, π/2) and n ∈ N we have:
Corollary 1 We have the following improvements for inequality (8) given in Statement 3.
1. For n = 1 and for x ∈ (0, π/2) we have:
2. For n = 3 and for x ∈ (0, π/2) we have:
Improvements of inequalities in Statement 4
For the function f (x) defined in (21) and according to Taylor series of tan x function in (14) and the binomial expansion of
for ℓ ∈ N . It easy to notice that:
for k ∈ N . It is not hard to check that lim k→∞ α k = 0 and (α k )ց .
Finally, based on (26) and (27) and based on Leibnitz theorem, we have the following theorem:
For every x ∈ (0, 1) and ℓ ∈ N holds:
Remark 3 Inequality (28) for ℓ = 1 presents inequality (9) from Statement 4.
Improvements of inequalities in Statement 5
Consider the following function:
for x ∈ (0, π/2).
By replacing x with π/2 − t in the function ϕ(x), we obtain the following:
for t ∈ (0, π/2). Improvement or inequalities from (10) are given with the following theorem:
Theorem 5 For every x ∈ (0, π/2) holds: One proof of this statement is based on equivalent mixed trigonometric polynomial inequalities:
for x ∈ (0, π/2). Papers [15] and [16] show that problem of proving mixed trigonometric polynomial inequalities is a deciable problem and these inequalities for the mixed trigonometric polynomial functions are followed by the algorithms from papers above. Some interesting applications of the algorithmic approach in proving mixed trigonometric inequalities can be found in [31] and [21] ; see also [17] and [18] .
Remark 4 It is obvious that Statement 5 is consequence of Theorem 5.
Further, let us observe array (α k ) k∈N defined with:
for j ∈ N . Then based on [6] we have the following series representations:
for t ∈ (0, π/2). Let r 2 (m) be the remainder after division of natural number m with 2. We are posing the following conjecture:
Conjecture 1
1. For the function ψ(t) on t ∈ (0, π/2) the following equality holds:
2. For the function ψ(t) on t ∈ (0, π/2) and ℓ ∈ N the following inequalities are true:
Improvements of inequality in Statement 6
Let us denote the following function:
f (x) = π 2 − 4x 2 tan x x for x ∈ (0, π/2).
According to [6] and (14) we have:
and x ∈ (0, c) and 0 < c < π/2. It is not hard to check C k < 0 for k ∈ N .
Finally, based on Theorem WD we get the following theorem:
For every x ∈ (0, c), where 0 < c < π/2, the following inequalities hold: 
Remark 5 It is obvious that Statement 6 is consequence of Theorem 6 for
Approximations, discused in this paper, can have great significance for potential applications of analytic inequalities in engineering. Some specific inequalities of the similar type are considered in [11] , [12] and [13] .
